A Meyniel graph is a graph in which every odd cycle of length at least five has two chords. A strong stable set of a graph G is a stable set that intersects all maximal cliques of G. We present a linear-time algorithm that, for any vertex of a Meyniel graph, find a strong stable set containing this vertex.
Introduction
This paper deals with the graphs in which every odd cycle of length at least five has at least two chords. Meyniel [11, 12] proved that such graphs are perfect [14] , and it has become customary to call them Meyniel graphs. These graphs were also studied by Markosyan and Karapetyan [10] who also proved their perfectness. Chordal graphs (graphs in which every cycle of length at least four has a chord), bipartite graphs, and more generally i-triangulated graphs and parity graphs (see [3] ) are examples of Meyniel graphs. Burlet and Fonlupt [3] gave a polynomial-time recognition algorithm for Meyniel graphs, and later Roussel and Rusu [16] gave another, faster, such algorithm, whose complexity is O(m(m + n)) for a graph with n vertices and m edges.
A strong stable set of a graph G is a stable set that intersects all maximal cliques of G. Berge and Duchet [1] defined a graph to be strongly perfect if each of its induced subgraph contains a stong stable set. Ravindra [15] first proved that
Meyniel graphs are strongly perfect.
His proof is an informal description of an algorithm that find a strong stable set in a Meyniel graph.
Then Hoang [9] proved a stronger result :
Every vertex of a Meyniel graph lies in a strong stable set.
Hoang gave an algorithm that, for any vertex of a Meyniel graph, find a strong stable set containing this vertex. This algorithm works in time O(n 7 ).
Here we give a linear algorithm that, for any vertex of a Meyniel graph, find a strong stable set containing this vertex. This algorithm works in time O(n+m).
Algorithm MCS+Color
A coloring of the vertices of a graph is a mapping that assigns one color to each vertex in such a way that any two adjacent vertices receive distinct colors. A coloring is optimal if it uses as few colors as possible. The chromatic number χ(G) of a graph G is the number of colors used by an optimal coloring.
We call Color the simple greedy linear coloring algorithm. Colors are viewed as integers 1, 2, . . . At each step, the algorithm selects an uncolored vertex, assigns to this vertex the smallest color not present in its neighbourhood, and iterates this procedure until every vertex is colored. This algorithm works in time O(n + m).
The algorithm MCS (for Maximum Cardinality Search) due to Tarjan and Yannakakis [18] is a greedy linear algorithm which can be used to find a simplicial elimination ordering in a chordal graph. At each step, the algorithm marks a non marked vertex that has the maximum number of marked vertices in its neighborhood. This algorithm works in time O(n + m).
The algorithm MCS+Color is the greedy coloring algorithm applied to the order given by the algorithm MCS. This algorithm works in time O(n+m) since both algorithms MCS and Color works in time O(n + m). This algorithm is equivalent to the greedy coloring algorithm that, at each step, selects an uncolored vertex for which the number of colored neighbors is maximum. More formally:
Input: A graph G with n vertices.
Output: A coloring of the vertices of G.
Initialization: For every vertex x of G do q(x) := 0;
General step: For i = 1, . . . , n do: 1. Choose an uncolored vertex x that maximizes q(x); 2. Color x with the smallest color not present in its neighborhood 3. For every uncolored neighbour y of x, do q(y) = q(y) + 1.
We will prove that, when the graph in input is Meyniel, the set of vertices colored 1 by this algorithm is a strong stable set. Moreover, since any vertex can be used as the first vertex in MCS+Color, we obtain that every vertex of a Meyniel graph lies in a strong stable set; this is one of the main theoretical results in [9] , where an O(n 7 ) algorithm was given to find such a set, while MCS+Color produces such a set in time O(m + n).
Even pairs and Meyniel graphs
Before proving the main result, we need to recall some notation and definitions. An even pair in a graph G is a pair of non-adjacent vertices such that every chordless path between them has even length (number of edges). A survey on even pairs is given in [6] . In a graph G, the neighbourhood of a vertex v is denoted by N (v). Given two vertices x, y in G, the operation of contracting them means removing x and y and adding one vertex with an edge to each vertex of N (x) ∪ N (y). The next lemma states an essential result about even pairs.
A graph is even contractile [2] if there is a sequence of graphs
A graph is perfectly contractile [2] if every induced subgraph of G is even contractile. Note that if a graph G is even contractile, with the above notation, then its chromatic number χ(G) can be computed using the sequence of graphs G 0 , . . . , G k and Lemma 1.
However, finding such a sequence may be a difficult task from the algorithmic point of view. See [6] for more insight on this question.
In the case of Meyniel graphs, Meyniel himself [13] showed that every such graph either is a clique or contains an even pair. However, there are Meyniel graphs that are not cliques and do not contain any even pair whose contraction yields a Meyniel graph (see [8] ). This could have made it difficult to prove that Meyniel graphs are even contractile. Hertz [8] We can run algorithm MCS+Color on any quasi-Meyniel graph with a given pivot, only imposing that the first vertex to be colored is the given pivot. By observations (a) and (b), any application of the algorithm on a Meyniel graph is simply an application on the graph viewed as a quasi-Meyniel and with an arbitrary vertex as pivot.
Proof
In this section we prove that the set of vertices colored 1 by Algorithm MCS+ Color is a strong stable set when the graph in input is quasi-Meyniel and when the algorithm colors the pivot first.
The beginning of the proof follows the same steps as Roussel and Rusu's proof [17] that their coloring algorithm LexColor is optimal on quasi-Meyniel graphs. It can be proved that the set of vertices colored 1 by LexColor is a strong stable set, but LexColor works in time O(n 2 ) whereas MCS+Color works in time O(n + m).
The proof that LexColor is optimal on quasi-Meyniel graphs follows from the fact that each color class produced by LexColor corresponds to the contraction of some even pairs. As we will see later, this is not true for MCS+Color. But it can be proved that the class of vertices colored 1 by MCS+Color corresponds to the contraction of some even pairs.
Theorem 1 When Algorithm MCS+Color is applied on a quasi-Meyniel graph
G with a given pivot, coloring the pivot first, the set of vertices colored 1 is a strong stable set.
As in [17] , say that a path P = v 0 -v 1 -v 2 -· · ·-v p is quasi-chordless if it has at most one chord and, if it has one, then this chord is v j−1 v j+1 with 1 < j < p − 1 (so the endvertices of P are not incident to the chord). We will use the following lemma which is essentially from [17] (the first item of the lemma was also proved for Meyniel graphs in [12, 15] ).
Lemma 2 ([17]) Let G be a quasi-Meyniel graph. Let
(with k ≥ 0) be a quasi-chordless odd path in G. Suppose that v 0 is a pivot of G, and that there is a vertex w adjacent to both v 0 , v 2k+1 . Then:
• If P is chordless, then w is adjacent to every vertex of P .
• If P has a chord v j−1 v j+1 (with 1 < j < 2k), then w is adjacent to every vertex of P \ v j .
Proof of Theorem 1. Let G be a quasi-Meyniel graph on which Algorithm
MCS+Color is applied, so that a given pivot is the first vertex to be colored. Let k be the number of vertices colored 1. Therefore every vertex colored 1 can be renamed x i , where i ∈ {1, . . . , k} is the integer such that x i is the i-th vertex colored 1.
Define a sequence of graphs and vertices as follows. Put G 1 = G and w 1 = x 1 (which is a pivot of G). For i = 2, . . . , k, call G i the graph obtained from G i−1 by contracting w i−1 and x i into a new vertex w i colored with the color 1. In the graph G k , we remark that w k is adjacent to all other vertices of G k ; for otherwise, there is a vertex y that is not adjacent to w k , which means that y has no neighbour of color 1, so y should have received color 1, a contradiction.
Lemma 3 If G i is a quasi-Meyniel graph and w i is a pivot of G i , then there is no quasi-chordless odd path from
Proof. Suppose on the contrary that there exists a quasi-chordless odd path
Let us consider the situation when the algorithm selects x i+1 . Let U be the set of vertices that are already colored at that moment. For any x ⊆ V , let
Every vertex of T is colored with a color strictly greater than 1 and so is adjacent to at least one vertex colored 1 in G and thus is adjacent to w i in G i . Specify one vertex v r of P as follows: put r = 3 if v 1 v 3 is a chord of P , else put r = 2. Note that v r is not adjacent to v 0 and v r = x i+1 since P is a quasi-chordless odd path. Since every vertex of T is adjacent to both v 0 , v 2k+1 , by Lemma 2 every vertex of T is adjacent to v 1 and v r .
Suppose v 1 is not colored yet. Vertex v 1 is adjacent to w i in G i and so it has at least one neighour already colored 1 in G. Moreover N (v 1 ) ⊇ T , so we have
, which contradicts the fact that the algorithm is about to color x i+1 . So v 1 is already colored.
Suppose v r is not colored yet. Since v r is adjacent to all of T ∪ {v 1 }, we have q(v r ) ≥ |T | + 1 > q(x i+1 ), again a contradiction. So v r is already colored. However, v r is not adjacent to w i , so 1 is the smallest color available for v r ; but this contradicts the definition of w i and x i+1 . This completes the proof of Lemma 3.
Lemma 4
For every integer i ∈ {0, 1, . . . , k − 1}, the following two properties hold: is not a quasi-Meyniel graph with pivot w i+1 . This means that G i+1 contains an odd cycle C of length at least 5, with vertices v 1 , . . . , v 2k+1 (k ≥ 2) and edges v i v i+1 modulo 2k + 1, such that either C is chordless or C has exactly one chord and w i+1 is not an endvertex of that chord. By taking such a C as short as possible, we may assume that if it has a chord then this chord is v j−1 v j+1 for some j ∈ {1, . . . , 2k + 1}. Then w i+1 must be in C, for otherwise C would be a cycle in G i \ w i , contradicting (B i−1 ). So we may assume w i+1 = v 1 . A vertex x ∈ {w i , x i+1 } cannot be adjacent to both v 2 , v 2k+1 in G i , for otherwise replacing w i+1 by x in C gives an odd cycle in G i that contradicts (B i−1 ). So we may assume that w i is adjacent to v 2 and not to v 2k+1 and that x i+1 is adjacent to v 2k+1 and not to v 2 . If C has a chord v 2 v 2k+1 , then w i -v 2 -v 2k+1 -x i+1 is a chordless odd path from w i to x i+1 in G i , which contradicts Lemma 3. So either C is chordless or its unique chord is v j−1 v j+1 with j ∈ {3, . . . , 2k}. But then
is a quasi-chordless odd path from w i to x i+1 in G i , which contradicts Lemma 3. So (B i ) holds. This completes the proof of Lemma 4.
Now we can finish the proof of the Theorem. Let Q be a maximal clique of G and suppose that Q contains no vertices of color 1. For i = 1, . . . , k, consider the following Property P i : "In the graph G i , vertex w i is adjacent to all of Q." Note that Property P k holds by the definition of w k . We may assume that Property P 1 does not hold, for otherwise Q is not maximal since x 1 = w 1 is adjacent to all Q. So there is an integer i ∈ {2, . . . , k} such that P i holds and P i−1 does not. Then, in the graph G i−1 , vertex x i must be adjacent to all of Q, for otherwise Q contains vertices a, b such that a is adjacent to w i−1 and not to x i and b is adjacent to x i and not to w i−1 , and then the path w i−1 -a-b-x i contradicts (A i ). This contradicts the fact that Q is maximal.
Comments
Algorithm MCS+Color can be applied on any graph, thus producing a coloring that may be non-optimal. Even on Meyniel graphs, this algorithm is not optimal. An example is the graph on ten vertices: a, b, c, d, e, f, g, h, i, j with the triangle abc, the cycle cdef ghi plus the edges ch, gi, ej, f j, gj. Algorithm MCS+Color can color the vertices in the following order, with the given color : a-1, b-2, c-3, d-1, e-2, i-1, h-2, g-3, j-1, f -4. It uses four colors although the graph has chromatic number 3.
Even if MCS+Color is not optimal on Meyniel graphs, it gives a strong stable set and so it enables to color optimally any Meyniel graph G by using the algorithm χ(G) times. A strong stable set S meets all maximal cliques so one just has to remove this set from the graph and color G\S by induction. But the complexity of this coloring method is O(n(n + m)) and so the algorithm LexColor of Roussel and Rusu is faster.
In [4] , with Kathie Cameron and Jack Edmonds, we give a O(n 3 ) algorithm which, for any graph, finds either an easily recognizable strong stable set or a Meyniel obstruction. The algorithm presented in [4] is based on LexColor but the same method can be apply to MCS+Color. The complexity is the same for both algorithms since there is a step of complexity O(n 3 ) in the method.
